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Introduction
Quick start

* Four directories :

* AR_regressions - MCMC for simulating posteriors of AR
models

* GARCH_with_MH - MH MCMC for simulating posteriors
of a GARCH(1,1) model

* CP_models_with_CGS - MCMC for drawing posteriors of
AR models with 2 regimes using the Carlin, Gelman and
Smith approach

* CP_models_with_Chib - MCMC for posterior distributions
of AR models with k regimes based on Chib's algorithm



Introduction

How to use the programs ? ‘
Current folder : Matlab directory

Simatiag T100R0109 o0 I . R [con e

File Edit Debug Parallel Desktop Window Help

hﬂ B| * % ﬂgl ) |h @ ﬂ | [7) |CurrentFolder: Ch\Dectorat\Courses\Bayesian lectures at Berlin\Matlab / - E] [E3
Shortcuts [2] How to Add  [2] What's New
Current Folder w0 X O A Workspace 0?2 X
4 % || « Bayesian lectures at Berlin » Matlab » ~ 0| 2+ |@ New to MATLAB? Watch this Video, see Demos, or read Getting Started. x| = T o B ||@Selectdata... -
Mame = Name = Value
AR : MATLAE desktop kevboard shortcuts, such as Ctrl+53, are now customizable.
1 AFR_regressions
CP:micIeI:_with_CGS In addition, many keyboard shortcuts have changed for improved consistency
CP_models_with_Chib 3cross the desktop.
GARCH_with_MH
To customize keyboard shortcuts, use Preferences. From there, you can also
restore previous default settings by =selecting "R200%z Windows Default Set™
from the active settings drop-down list. For more information, see Help.
Click here if you do not want to sSee this message again.
fe > |
< J 3
Command History “ 02 x
‘ . plof (1n_GDP_diff) -

Command window

Navigator Workspace



Introduct

Go to the AR_regressions directory Current folder :
Click on US_GDP_percentage Matlab directory

o\ MATLAB 7.10.0 (R2010a) | T e

File Edit Wiew Debug Parallel Desktop  Window Help
IS | & o= o | & 9 ) | @ | Current Folder:| C\Doctorat\Courses\Bayesian lectures at Berlin\Matlab\AR_regressions ==

Shortcuts (2] How to Add (2] What's Mew

O Command Window = Woarkspace — o a ox
& B | <« Matlab » AR_regressions ~ o #%-| @ Mewto MATLAB? Watch this Video, see Demos, or read Getting Started. x| = i = % W | | B select data... ~
Mame Mame Value
fﬂAR " t MATLAR desktop kevboard shortcuts, =such as Ctrl+5, are now customizable. EEUS GDP_growth <210 double
explanatory_wvar.m ! _
fﬂ au{oczrrm s In addition, many keyvboard shortcocuts have changed for improved consistency date US_GDP 1x210 cell>
cusum F;Iotas\.r across the desktop. -
ﬂ cusum_plot.m
To customize keyvboard shortcuts, use Preferences. From there, yvou can also

|| generate_posterior_distributions_AF_process.aswv

fﬂ generate_posterior_distributions_AR_process.m

fﬂ generate_posterior_distributions_AR_process_with_MH.m
|| generaticn_AR_process.asv

fﬂ generation_AR_process.m

fﬂ Geweke_test.m

restore previous default settings by selecting "R200%a Windows Default Setc™

from the actiwve settings drop-down list. For more information, =see Help.

Click here if you do mot want to see this message again.

fﬂ Gibbs_regression_with_MLL.m J"{ >

fﬂ launch_AR_regregsion_with_Gibbs_sampler.m

| MH_regressicn_vfith_MLL.asv 4 | [ 3

fﬂ MH_regressicn_Jfith_MLL.m -

A progressbar.m CommandiHistony -1 0 A x

HH us_3m_us_Thill.fhat ~pldt (ln_GDP_diff) -
US_GDP_percen -daffe US GDPF = date_Q:

clpar all

1]

- _\

EH us_inflation_frodh_PCE.mat
U5 _Thbill = FPPT1:

Us_GDP_percentage.mjat (MAT File bl T Tkill = FPTL1:

EH Mame Value te_US_Tkill = date:

EH us_GDP_growth <210x1 double> ~mfx (randn (10, 1), 1)
E-z—-f13/05/14 12:50 —-%

date_US_GDP <1x210 cell>
Simu] = launch CP AR Ca

lot (Simu.post_tau')

Navigator Command window orkspace with data



Introduction

How to run a program ?
* Open the program :
launch_AR_regression_with_Gibbs_sampler
* Comments to run the function are in green

* Copy and paste the first line without 'function' in the
command window

I:I?lx|

y=ir- = "T‘ Mew to MATLABT Watch this Video, see Demos, or read Getting Started.

MATLAR desktop keyboard shortcuts, such as Ctrl+5, are now customizable. A I s C The
In addition, many kevboard shortcuts have changed for improved consistency o

across the desktop. or.de

To customize keyboard shortcuts, use Preferences. From there, you can al.EAR
T

InSTead Of y : restore previous default settings by selecting "R200%a Windows Default Set pr'ocess
the data <«

hY
o
—h
- -
>
o®

from the active settings drop-down list. For more information, see Help.

Click here 3 3 not want to see this message again. /

ﬁg *>> [Simu] = launch AR regression with Gibbs sampler I:US_GDP_QIDWTL'H,J.,J.C'C'G”

nb_ MCMC : 1000 iterations




Introduction

What is a structure ?
* Simu is a matlab structure containing many tables

1 FEEcF BEGINNING MLL COMPUTATION =*%%%*%*%
FEEEEEes Tmportance Samplimg =& s s s sow s
B e R R R R R R B R R R R R R R R R R Rr R R R B R R B R R R R R B R
Simua =
post_beta: [2x700 doukle] 4
posSt_sigma: [TO00x1 double] Command
betca ols: [Z2x1 double]
sigma cls: 0.6916 dat
post_mean beta: [2xl1 doublel ele
post_=std beta: [2x]l double] =
post_wvar_beta: [2x2 double] = ]
“tion b posSt_mean sSigma: [FTO00x1 double] ~dat
post_std_sigma: [700x1 doubkle] AR
MCMMC) post_like: [T00x1l doublel =-g—— 1
MLL HM: —253.2063 1S3
MLL Chilb: -—-269.7039
- plc
MLL IS: —263.6889 i
test_Geweke: [2xl double] [53
ClAS A - [1x1 struct] cls
¥: [209=x2 double] =lg-—= 1
L [S3
.f{ > | - el 111

* To access the matrix ‘post_beta’ :

—» Type in command window : Simu.post_beta
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Gibbs sampler
ye = Pai+e

* The model
{ e ~ 1i.d.N(0,07)

* The prior distributions
B ~ N(By, Zo) 0° ~IG(IG,,IGY)

* Conditional posterior distributions :

T
ZZ (¢} —I—Z
Q‘Yl :T,0 N(/,_L,E) 3 "

T
< ) Ziﬁtyt—i—z " Bo]
=1

m(02|Yi.r,0) ~ IGUG,+T/2,IGy, + Z €2 /2)




Gibbs sampler
5= O wa) (Y mw)

* Initial values :

MLE estimates

* Gibbs sampler :

/6 ~ ‘Yl T, 0 2 ~ Oz‘leTa/B
——_ /

Discard the first draws as burn-in period

Use the rest as a sample of the posterior distribution :

/690-2‘Y1:T

11
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Gibbs sampler
* Open the function : 6ibbs_regression_with_MLL

* Gibbs sampler of a simple regression

* Provide the marginal log-likelihood (MLL) estimated from
three different approaches (Chib, Importance sampling
and Harmonic mean)

— Harmonic mean : very bad estimate

* The prior distributions

Hyper- ¢ LWL Hyper-parameters of the variance
par‘ameTerIS Oﬁi 23 jf;;ﬂ Ni{beta 0,5igma 0)

54 TEETEEL LT E TR ATT LSS
the mean s- | 1eb-1;

o6 — IG a = 1:|

51— var uninformative = 100; %% We fix the wvariance of each beta equal to
parameTerS SH {betzﬂl = ZEros {dimen=sion, 1)

29 =
60 —

Sigma 0 = diag(ones(dimension,l)* (var uninformative)};
inv Sigma 0 = diag(ones(dimension,l)* i1,-’*.rar_'.1:11:1fr:|rrr.ati*.rej )



T = R = T T R N S = ST < = |

S
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Gibbs sampler

beta = beta ols; o
sigma = sigEa ols; } STGr'Tlng VGIUQS
iter = 1;
for i=l:nb MCHMC
progressbar (i/nb MCMC) ;

} Saving posterior draws

L LD

if{ixburn in)
beta post(:,iter) = beta;

Sigma post(iter) = sigma;
like post(iter) = (-T/2)*log(2*pi*sigma) - (yv-X*beta)'*(y-X*beta)/(2*sigma):
iter = iter +1;

IG post b MCMC = IG b + 0.5%*sum( (y-X*beta) ."2); Fir'ST bIOCk -

inv sigma = gamrnd(IG post a MCHC, _'L,-"IG_pcust_]::_I-IEI-ICJ :

sigma = 1/inv_sigma; the variance

Sigma cond = inv(inv sigma*Mat XX + inv Sigma 0): Flr‘ST blOCk -

ma cond = Sigma cond® (inv sigma*Vec Xy + inv Sigma O0*peta 0);

beta = mvnrnd (mu_cond, Sigma cond) '; 'l'he mean par‘ameTer'S



T = R = T T R N S = ST < = |

S
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Gibbs sampler

beta = beta ols; o
sigma = sigEa ols; } STGr'Tlng VGIUQS
iter = 1;
for i=l:nb MCHMC
progressbar (i/nb MCMC) ;

} Saving posterior draws

L LD

if{ixburn in)
beta post(:,iter) = beta;

Sigma post(iter) = sigma;
like post(iter) = (-T/2)*log(2*pi*sigma) - (yv-X*beta)'*(y-X*beta)/(2*sigma):
iter = iter +1;

IG post b MCMC = IG b + 0.5%*sum( (y-X*beta) ."2); Fir'ST bIOCk -

inv sigma = gamrnd(IG post a MCHC, _'L,-"IG_pcust_]::_I-IEI-ICJ :

sigma = 1/inv_sigma; the variance

Sigma cond = inv(inv sigma*Mat XX + inv Sigma 0): Flr‘ST blOCk -

ma cond = Sigma cond® (inv sigma*Vec Xy + inv Sigma O0*peta 0);

beta = mvnrnd (mu_cond, Sigma cond) '; 'l'he mean par‘ameTer'S
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Gibbs sampler

* Open the function : launch_AR_regression_with_6ibbs_sampler
In the command window, type :

[Simu] =
launch_AR_regression_with_Gibbs_sampler(US_GDP_growt
h,1,3000,1)

* The data : US_GDP_growth
* AR order : 1

* Nb MCMC iterations : 3000
* Convergence Graphics : on



* Graphics :

Gibbs sampler

Empirical correlations between MCMC draws

Sample ACF of 6°

L
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Gibbs sampler
* Graphics : Empirical std of

Cumsum plots of the two mean parameters the parameter

Cusurm plot of the randorm variable nurmber ;1 1 Cusum pof o the random varizble number - 2 \
1 T T T T T T T T

iE] - L 1 Z Y
e CS; = (—,26’3 — myg)/sg
o I /
o Y ]
I | Empirical mean of

the parameter

- - Ot
N \ | -02}"/\//\\/\"’\

04k i 04 v
Smooth convergenceito zero
_D‘ED SDID TDIDD 15‘00 2DIDD 200 -060 560 1060 15|00 2060 2500 OS N — 0



Gibbs sampler

* Geweke's test of MCMC convergence :
Comparison of two empirical means well separated

In the command window :
Simu.test_Geweke

— Test for each mean parameters and return
zero if the hypothesis is not rejected at 95%

- A DT Sl LIl T ST &)
>» =met(gca, "fontiSize'  20)
>> Simu.test Geweke

ans =

0
» [ Convergence

b=
v
W
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Gibbs sampler
* Results :
plot(Simu.post_be’ra') plot(Simu.post_sigma’)

H 'w W\ '1 MMM b '”.IM“ : l' W W WWMW 0 WW m ‘

mean(S imu. pos‘r be‘ra ) O 50 O 32 mean(Simu.post_sigma')= 0,70
std(Simu.post_beta') = 0,08 ; 0,06 std(Simu.post_sigma’) = 0,07

Marginal distribution > :
of the variance Al 7
8 “““ 1‘ 1.1




M

<

M

* Harmonic mean : not reliable

. HM
_ Chib

_ IS

AR(0)

-274,16
-279,12
-279,12

AR(1)
-259,89
-269,7
-269,7

AR(2)

-256,36
-269,71
-269,71

Gibbs sampler

* Testing for the order of the AR process :

* Launch several times the program with different # of lags
* Compare the MLL obtained from the different simulations

AR(3)

-257,16
-273,72
-273,72

20

AR(4)

-254,75
-275,46
-275,46

* Same Estimates from the local and the global formula



MH sampler

* Open the function : MH_regression_with_MLL

* MH sampler of a simple regression

* Provide the marginal log-likelihood (MLL) estimated from
three different approaches (Chib, Importance sampling
and Harmonic mean)

* Running an estimation of AR model with MH sampler :
launch_AR_regression_with_6ibbs_sampler

21



Gibbs sampler

* Adaptation of the proposal distribution
(Atchadé and Rosenthal (2005) )

ii — S'L'—l + (éi_l o ¢ta,rget)/(ic) if ELow < iz < ZJH'L’gh

140

141 - for g=l:dimension4tl

142 - adapt rate(g) = max(min max var(l),adapt rate(g) + {accept_rate{q]fi - 0.45)/(i%eta));
143 - 1 (adapt rate(g)>min max var(2))

144 - adapt rate(q) = min max var(2);

145 - end

HE e qbtarget

22



Comparison Samplers

« AR(1)
Gibbs sampler Metropolis-Hastings

T \ T \ \ \ \ \

0.71 h

0.6

0.5 J]/\

0.4 J F\ ]

0.3 W

0.2 n

I I I I I I I I I

400 600 800 1000 1200 1400 1600 1800 2000

o { ¢ { ¢ { o
N ~ ®
) g ‘
N
Sh 4
=]

b fihy b

|
0

Mean= 0,50 ; 0,32 Mean =051:0,32
Std = 0,08 ; 0,06 Std =0,07 ;0,06

Acceptance rate :
45 % .44 % ;45 %

23
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MH sampler

* Testing for the order of the AR process :

* Launch several times the program with different # of lags
* Compare the MLL obtained from the different simulations

AR(O)  AR(1) AR(2) AR(3) AR(4)
MLL Chib (MH) -279,12 -269,7 -269,71 -273,72 -275,46
MLL Chib (Gibbs) -279,12 -269,7 -269,71 -273,72 -275,46

Same Estimates from Gibbs or MH samplers

Marginal likelihood depends on the prior!
* Test the order of the AR process with different priors



GARCH estimation by MH MCMC

* Change the directory and go to GARCH_with_MH

* Import financial data by clicking on
SP500_percentage_returns.mat

* Main matlab program MCMC_G6ARCH_RW

Estimate a GARCH(1,1) model with
* non adaptive RW
* adaptive RW
Inputs:
* Y : financial time series (here SP500)
* nb_ MCMC : number of MCMC iterations
* RW_step : Variance of the proposal distribution
* Graph : Convergence graphics

25



GARCH estimation by MH MCMC

* Choose a RW variance gnd run the program

- [Simu] = MCMC_GARCH_RW(SP500,5000,0.1)

Accept. Rate : 1%

— ey

0 I— i —— ey’ T T —
0 500 1000 1500 2000 2500 3000

* Focus on parameter 5 in o

0.95- 4
0.9

y ,_'_J—Fr_r_’_,m/\—l“’—'_\’___/__;
0 80 560 1 dOO 1 5‘00 ZdOO 2560 SObO 3500

2 _
;=

Accept. Rate : 44%

=P, e, o™
? Y . T -t

2 2
w+ oy, + Bo;_q

0.95- B
OQNMM/WWW
0.851 B

26



Change-Point AR models

27
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CP-AR models with CGS

* Change the directory and go to CP_models_with_C6S
* Import data by clicking on US_GDP_percentage.mat

* Main matlab program
6ibbs._regression_Carlin_6elman_Smith
* Estimates a CP model with 2 regimes using CGS's algorithm
Inputs:
* Y i a time series (here US_GDP_growth)

* X : explanatory variables
* nb_MCMC : number of MCMC iterations

* Program for estimating a CP-AR(q) model
Launch_CP_AR_Carlin_6elman_Smith
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CP-AR models with CGS

* Run an estimation of a CP-AR(1) model

[Simu] =
launch_CP_AR_Carlin_&elman_Smith(US_6DP_growth,1,5000)
plot(Simu.post_tau') plot(Simu.post_sigma')

* Great moderation
* Not a symmetric distribution
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CP-AR models with CGS

* Run an estimation of a CP-AR(1) model
[Simu] =
launch_CP_AR_Carlin_6elman_smith(US_6DP_growth,1,5000)

plot(Simu.post_tau')

200 | T T T
4_
180} B
160 B 3
140} B
2 |-
120+ _
100 Uy
80 A 0
0 !
80 i :
1
40 - A :
1
20+ . i
2 1
L L L L L L | | | | | |
0 500 1000 1500 2000 2500 3000 3500 1 ? 1967Q2 1975Q2 198302 1991G2 199& 2007Q2

E(c?|Y1.7)~ 1.11  E(0o5|Y1.7) ~ 0.34
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CP-AR models with Chib

* Change the directory and go to CP_models_with_Chib
* Import data by clicking on US_GDP_percentage.mat

* Main matlab program &ibbs_regression_chib

* Estimates a CP model with k regimes using Chib's algorithm

Inputs:
* Y i atime series (here US_GDP_growth)
* X : explanatory variables
* Regime : number of regimes
* nb_ MCMC : number of MCMC iterations
* MLL_computation : =1 if MLL must be estimated



CP-AR models with Chib

* Main matlab program &ibbs_regression_chib

* Estimates a CP model with k regimes using Chib's algorithm
* Matlab program launch_CP_model_estimations

* Estimates CP-AR models from one up to k regimes

Inputs:
* Y i atime series (here US_GDP_growth)
* AR_lags : The order of the AR process
* upper_bound_regime : Max. considered number of regimes
* nb_ MCMC : number of MCMC iterations

32



CP-AR models with Chib

* Run an estimation of CP-AR(1) models from one to 3 regimes

[Simu MLL] = \# ¢
launch_CP_model_estimations(US_6DP_growth,1,3,10000)

i

* Two regimes nb_MCMC
Griddy-6ibbs Chib

33



Gibbs sampler
Yy = B, Tt + €

* The model { ,
€t v lldN(O, O'St)

* The prior distributions
Bi ~N(Bo,50) Yie[l,K+1] and o ~IG(IG,,IGy)Vi € [1,K + 1]

Transition prob. From ito i: pii ~ Beta(oy, 8p)
P(St — St_]_‘St_]_,P) :pst_l,st_l

Trans. State : {
P(St — 841 + 1‘St_1,P) =1 —pst_l,st_1V8t_1 c [1,K]

34



* The model

Gibbs sampler
Yo = Bl x+ e
e ~ ii.d.N(0,02)

Priors in the program : Gibbs_regression_chib

T

70
71
72
73
74
75
76
77

o

-]
[T=E T LS R S = R ¥ |

=1 &

o o O O oo O o o
[e] i3]

[N

R L L L L L L L L L L L L L L L £
333¥% S5et the Hyper-parameters

R L L L L L L L L L L L L L L L £

%%% Prior :

%% beta 1 ~ N(beta 0,var uninformative)

~ G{a,b)

R R R R R T R e R e R R R R R R TR e e e e

var uninformative = 10; %% We fix the wvariance of each beta ggual to var u

beta 0 = zeros(dimension,l);

inv Sigma 0 = diag(ones(dimension,l)* (_'I.,-"var_'.minfr:urrr.ati*.rej | /6?, Y Z\/ (/607 ZO)

det inv Sigma 0 = det(inv Sigma 0):

%%% hyper-parameters for the variances

IG b = 1;

=0 02~ IG(IG,, IGY)

%% hyper-parameters for each probability of staying in the =same regime

T pu ~ Beta(ay, 8,)

35
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Forward-Backward

* Gibbs Step . Sl:T|Y1:T7 617 ceey /BK—I—la 0-%7 veey U%{{-la P
Program for sampling a state vector : Forward_Backward

Two steps :
1) Compute the forward prob.  f(s:|Y1.4)Vt € [1,T]
2) Sample a state using the decomposition
w(S1.7|Y1.7) = w(sp|Yi.7)m(s7_1|Y1.7, s7)... (51| Y1.7, So.7)

74

75

T4 F R R R R R E R R R TR R R R AR RS E R TR e

77 %% Backward al ithm Sampll a Ertatce e

T8 s E L Lt e L R e e e e e L L R R L e e e L L R R L E L L L

74 sn = zeros=s(T,1);

80 an(T) = regime; W(St‘YLT, St—l—l:T) X f(St‘leT)f(St—l—ﬂSt)
g1 for t=T-1:-1:1

etat_fut = sn(t+l):

back = forward(t,:)".*Pi:,etat fut):
back = back/sum(back) :
snit) = maltinomialrnd(back):

en

oo o O G o o
JLE TR N = N ) B O L I (8
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Marginal likelihood

* Local formula : ‘
Likelihood (by F-B) Priors
A

A
/ * * 2,% 2,% *\/ * * 2,% 2,% %
f(leT‘Blv"'75K+170-1 7"'7O-K_|_17P )f(ﬁla"'v/BK+170-1 7"'7O-K_|_17P )

f(leT) —

2, 2,
(65, ..., ﬁ;(Jrl, a7 O'Kj_l, P*|Y1.7)

* Third term :

1 2
2, 2, 2, 2,
T(BYs s i1 00 s 0 P Vir) = w(PVar)m(o} ", o 030, [PY, Yaur)
2, 2,
W(/Bfa"'aﬁ}k(ﬁ—l‘o-l;? "'7O-K>l:|_17P*7Y1:T)

1) W(P*‘YLT) — /W(P*‘leTaSl:T)Tr(Sl:T‘leT)dslzT
N

1 .
m(P*[Yi.r) ~ N ZW(P*\leT,Si;T)
i—1
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Marginal likelihood
2) m(or", .08 | P* i) = /W(U% oo O [P, By oy Bt Stor, Yiur)
m(S1.1, B, e, Bt |P*, Y1.7)dS1.7dfB1 .. dBK 41

1 - 2. % * ) '
~ G 2O R IPY B s Bl St Yar)

/

* Run an auxiliary MCMC with fixed P*

2 2, 2
3)7-‘-517' 75K—|—1‘P*7 1 ) K:_laYlT) — /W(6T7"'75;{+1|51:T70—1 *7' 9 K117Y1T>
m(Sur|P7, 01 LR ?{ilale)dslT
2
G2Zwﬁl,u Bicst ISt 077, o 031, Vi)

/

* Run second auxiliary MCMC with fixed P07 .. 0%,
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Model selection

* Run an estimation of CP-AR(1) models from one to 3 regimes
[Simu MLL] =
launch_CP_model_estimations(US_6DP_growth,1,3,10000)

Uninformative prior :
Bi ~ N(0,10001,) o7 % ~G(0.01,100)  pi; ~ Beta(0.5,0.5)

2

#Regime 1 2 3
MLL -275.57  -269.25 -275.10
Informative prior :
Bi ~ N (0, 1q) o; % ~G(1,1) pii ~ Beta(0.5,0.5)
#Regime 1 2 3

MLL -265.28 -24996  -243.52



Model selection
* Choose your prior according to 'your break sensitivity'

* Or use another criterion such as the predictive likelihood

— Less impacted by the prior distributions

f(Yi1.r|Yie) (f];((i;llf))

No prior distributions! £\ £( 0% *
fYr|0F)f(0%)  7(0% Y1)
I -
mpact through the (0 Vr)  F(1a 10 £ (67)

posterior T~ f(ur]0*) (0" Vi)
f(Y1.4|0%) m(6*|Y1.7)

40
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